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Online Estimation of Allan Variance Parameters

Jason J. Ford ¤ and Michael E. Evans†

Defence Science Technology Organisation, Salisbury, South Australia 5108, Australia

A new online method is presented for estimation of the angular random walk and rate random walk coef� cients
of inertial measurement unit gyros and accelerometers. In the online method, a state-space model is proposed, and
recursive parameter estimators are proposed for quantities previously measured from of� ine data techniques such
as the Allan variance method. The Allan variance method has large of� ine computational effort and data storage
requirements. The technique proposed here requires no data storage and computational effort of approximately
100 calculations per data sample.

I. Introduction

I NERTIAL navigation is the process by which measurements
madeusinggyroscopesand accelerometersareused to determine

position.1,2 Inertialnavigationis an essential technologyfor modern
aircraft and an important tool for navigationin general.Accelerom-
eter and gyros in inertialmeasurementunits (IMUs) suffer from par-
ticulartypesofnoiseinterferencesthat induceIMUnavigationerrors
thatgrowwith time.Becauseof the importanceof systemswith these
characteristics, a vast amount of analysis of this type of noise has
beenperformed, includingfrequency� uctuationsin atomic clocks,3

noise from ring laser gyros,4 and gyro sensors in general.5 ¡ 7

Initially, the noise produced by IMU sensors was characterized
by a single rms number, but this was an overly conservativecharac-
terization of the short-term behavior and a single rms number can
not adequately model the longer term error growth. To overcome
this conserativecharacterization,the Allan variancemethodwas de-
veloped and is now the standard method of analysis.6,7 The Allan
variance r 2

A(N ) of a sensor output is de� ned as the variance of the
differenceof the means of successivesubsets (of size N ) of the data.

When the Allan deviation r A(N ) is plotted against the sample
size, particularnoise features in the gyro output appear as structures
in the Allan deviation curve.4,6 ¡ 8

There are several disadvantagesof the Allan variance technique.
By its very nature, it is an of� ine processand requiresa largeamount
of data to be stored. Additionally, the technique requires that lines
of best � t be manually placed on the graph and interceptsbe read off
to obtain estimates of the noise contributions.Recently, a new tech-
nique for calculating the Allan variance has been proposed.9 This
technique has the advantage of providing estimates of the Allan
variance as the data arrive, but still requires lines of best � t to be
placed on the graph. Nonlinearestimation techniques,such as given
in Ref. 10, can be used to estimate lines of best � t automatically
from Allan variance data; however, the Allan variance still needs to
be calculated separately.

In this paper we consider an approach that estimates the size
of two key gyro noise sources (the angular random walk and the
rate random walk) directly from the data set without the need to
calculate the Allan variance of the gyro output. A key motivation
for considering only angular random walk and random rate walk
noise sources is that the stochastic model of gyros presented in the
literature5 ¡ 7 reduces to a simple state-space representation when
only these two noise terms are present.

Using the state-space representation, global and local conver-
gence results are established in several stages using the law of large
numbers and an ordinary differentialequation approach.Unlike the
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Allan variance technique, the proposedparameter estimators do not
require large amounts of data to be stored and only require approx-
imately 100 calculations per time step. For larger data sets, greater
than 104 , the proposedonline technique is computationallysuperior
to the Allan variancetechnique(a typicaldata set might contain24 h
of 1-Hz measurements, that is, » 107 data points).

Although the proposed algorithm is computationallyattractive, it
relies on the simplifying assumption that the noise is a combination
of only angular random walk and rate random walk noise sources.
This assumptionneeds to be veri� ed prior to use. Hence, we suggest
that the proposed algorithm be used in conjunction with the Allan
variance method. For example, the Allan variance method could be
used to establish that noise characteristicsof a particular device are
dominated by angular random walk and rate random walk noises,
and then the proposed algorithmcould be used to verify the perfor-
mance of the device at later times. Alternatively, a batch of similar
devices could be tested using the proposedalgorithmonce the noise
characteristics of one of the devices has been established using the
Allan variance method.

The performance of the algorithm is demonstrated against both
computer-generateddata and data from a real device.

This paper is organized as follows. In Sec. II.A, we introduce
the stochasticnoise model for gyros and the Allan varianceanalysis
technique.Then the Allan variancemethod is applied to a low-grade
IMU that has error characteristics typical of many IMUs. The er-
ror characteristics of the low-grade IMU are then used to motivate
our assumption that angular random walk and rate random walk
are the key noise sources. In Sec. II.D, by the use of this simpli-
fying assumption, a state-space model for angular and rate random
walk noises is introduced. In Sec. II.E, parameter estimators based
on several simplifying assumptions are introduced, and a partial
convergence result is established (as a necessary step toward full
convergence results). In Sec. II.F, conditional mean estimates are
de� ned, and an estimation algorithm for realistic problems is intro-
duced. Local convergence results are established using an ordinary
differential equation approach. In Sec. III, implementation issues
are discussed including the initializationof the algorithm, the com-
putational effort required, techniques for improving convergence
rates from poor initializations, the effect of other noise sources be-
ing present,and the need to handlenumericalover� ow. Some results
are presentedin Sec. IV. This includesresults from the algorithmap-
plied to computer-generateddata and results from analysis of data
from a low-grade IMU. Finally, in Sec. V, some conclusions are
presented.

II. Preliminaries
A. Stochastic Model and the Allan Variance Method

There are two Institute of Electrical and Electronics Engineers
standards related to speci� cation and testing of single-axisgyros.6,7

These two standardsprovide an overviewof dynamic and stochastic
modeling of single-axisgyros, as well as detailing the two preferred
methods of analysis: the power spectral density and the Allan vari-
ance method. This paper uses the stochastic model for single-axis

980



FORD AND EVANS 981

Fig. 1 Discrete-time stochastic model.

gyros and the Allan variance method of analysis described in the
standards.

According to the standards,6,7 the random component of gyro
sensor error dynamics can be modeled by a discrete-time, time-
invariant, linear stochasticmodel. The stochasticmodel in the stan-
dards allows for a multitude of error sources of a random nature.
Noise of a nonrandom nature (including scale factor errors, � xed-
bias errors, and misalignmenterrors) are consideredseparatelyfrom
the stochastic model, and for the purposes of this paper, we assume
that issues about these deterministic errors have already been re-
solved.

In this paper we considergyros whose measurementsare angular
rates (or delta angles), and, hence,some of the noise sourcesallowed
in the gyro dynamical stochastic model are not relevant. Figure 1
shows a discrete-time stochastic model of gyro error dynamics in-
cluding several possiblenoise sources.This model includes angular
random walk (or white rate noise), rate random walk, � icker noise
(or bias instability), and random-bias (or � xed drift) noise sources.
Noise terms such as rate quantization noise, Markov noise or cor-
related random drift, sinusoidal errors, ramp instability, and others
are possible, but are not shown.

The Allan variance is a method of analysis that determines the
error characteristics of a gyro using sampled measurements of the
gyro outputs.Let yk denote themeasurementof angularrate (or delta
angle) at time k. Let T be the number of data points available for
analysis, and let ȳ`(N ) be the average of the N samples beginning
at time k = (` ¡ 1)N + 1. That is,

ȳ`(N ) :=
1
N

N

i = 1

y(` ¡ 1)N + i for N · RN (1)

where RN is the largest integernotgreater than T / N . Then the Allan
variance r 2

A(N ) is de� ned as

r 2
A(N ) :=

1

2(RN ¡ 1)

RN ¡ 1

i = 1

[ ȳi + 1(N ) ¡ ȳi (N )]2 (2)

The attractivefeatureof the Allanvariancetechniqueis the ability
to determine the contributionof various error sources from features
of the log-log plot of Allan deviation, r A(N ) vs N . Details of the
featuresof variouserrorcontributionsmay be foundin Refs. 4, 6, and
7 and other papers. In brief, the most common and signi� cant noise
sources are angular random walk, rate random walk, and � icker
noise (or bias instability), which can be determined from regions
in the log-log plot of Allan deviation with slopes of ¡ 1

2 , 1
2 , and 0,

respectively. Full details of the procedure may be found in Refs. 4,
6, and 7 and other papers.

A � nal comment about the literaturedescribingtheAllan variance
method is that some confusion can result from the terms commonly
used to describe the noise characteristics of single-axis gyros. For
example, the quantizationnoise described in much of the literature
(see Refs. 4 and 8) and the standards (see Refs. 6 and 7) is noise
resulting from quantization of angular measurements. Modern gy-
ros provide angular rate measurements directly, and hence, angular
quantization is meaningless. Quantization of rate measurements is
termed rate quantizationin the standards.6,7 Rate quantizationis not
even mentioned in much of the literature (see Refs. 4, 8, and 9). In
fact, much of the literature is quite misleading and seems to suggest
mistakenly that results for angle quantizationare actually results for

rate quantization (for example, see Ref. 9, which considers angular
quantization noise even though the paper considers a device that
measures angular rate).

In the following section we use the Allan variance technique to
analyze a low-grade IMU.

B. Testing of a Low-Grade IMU
Over a 45-h period, angular rate measurements from a low-grade

gyro were sampled at 1 Hz. The rate sensors of this IMU consist of
micromachined vibrating ceramic plates that utilize Coriolis forces
to output angular rate measurements. To allow quick processing,
the data were preprocessed by averaging over 10-s periods to give
measurements in units of degrees per 10 s. This preprocessingdoes
not change the basic nature of the data’s error characteristics,but it
does scale the size of their contribution.All results presented in this
paper refer to the error characteristicsof the 10-s averaged data.

The error characteristicsof this device can be analyzed using the
Allan variance method. Equations (1) and (2) are used to calculate
the Allan varianceof the data set recorded from the device. Figure 2
shows the log-log plot of Allan deviation against N . The estimated
coef� cients for this device are given in Sec. IV.

The Allan deviation plot of this device has two distinct features.
These features are asymptotes with slopes of + 1

2
and ¡ 1

2
, which

correspond to angular random walk and rate random walk noise
sources, respectively. This plot suggests that the dominant noise
sourcesare angularrandomwalk and rate randomwalk.Othernoises
such as bias instability or Markov noise may be present in the data,
but the Allan deviation plot suggests that even if these additional
noises are present their effect is dominated by the two main noise
sources.

The Allandeviationplotfor thisdeviceis similar in natureto many
other gyros examined including tactical grade ring laser gyros and
� ber optic gyros. In a practical sense, the dominant noise sources
in all of these devices appear to be angular random walk and rate
random walk. For this reason, in the following section we consider
a simpli� ed stochastic model that assumes these are the only noise
sources.

C. Simpli� ed Model
In this section, we propose a simpli� ed stochastic model (see

Fig. 3). This simpli� cation seems appropriate for many of the sen-
sors that we have examined via the Allan variance method.

In the following section we show this simpli� ed stochasticmodel
can be represented as a state-space model. The unknown angular
random walk and rate random walk coef� cients are parameters of
this representation. This state-space representation is convenient
because estimationof linear system parameters is a well-researched
problem and there are many well-developed techniques.11 ¡ 13 This
paper uses a recently developed technique that is particularly well
suited to this particular parameter estimation problem.11

One keyadvantageof formulatingthenoisecharacterizationprob-
lem as a parameter estimation problem is that the angular random
walk and rate random walk coef� cients can be estimated directly
without the need to calculate the Allan variance (if angular random
walk and rate random walk are the only noise terms present). Of
course, the standard way to establish what noise contributions are
presentis to performthe Allan varianceanalysis.We suggest that the
proposed algorithmcould be useful in situationswhere the types of
noise contributions are known with some con� dence a priori. Two
situationswhere the proposed algorithmcould be used are retesting
of a gyro previouslytested by the Allan variancemethod and testing
a batch of devices of the same type.

D. State-Space Model
This section gives the formal mathematical framework for the pa-

rameter estimation problem. Consider a probability measure space
( X , , P). Here X is an arbitrary space or set of points x ; also,

is r algebra in X (a class of subsets containing X and closed
under the formation of complements and countable unions) and P
is a probability measure on . If x( x ) is a random variable on this
probability space, then a particular realization of the random vari-
able is x( x = x 1), where x 1 is a particular value of x taken from
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Fig. 2 Low-grade IMU: Allan deviation vs sample size; lines corresponding the parameters estimate from the proposed algorithm added.

Fig. 3 Simpli� ed discrete-time stochastic model.

X . For simplicity, we assume the x dependence is understood and
will write simply x for the random variable (except where the x
dependence aids understanding) (see Ref. 14 for more details on
probability theory).

In this paper, we have several randomvariableson the same prob-
ability space and, hence, x parameterizesa set of random variables
[{wk ( x )}, {vk( x )}, x0( x )], where w k , vk , and x0 are de� ned as fol-
lows. Suppose {x`}, 2̀ + ( + is the set of positive integers), is
a discrete-time linear stochastic process, taking values in R, with
dynamics given by

xk + 1 = xk +
p

Bw k + 1 , x0 2 R (3)

where k 2 + ,
p

B is the rate random walk coef� cient, and {w }̀,
2̀ + , is a sequence of independent and identically distributed

N (0, 1) scalar random variables. The notation N (0, 1) is shorthand
for a randomvariablewhose density is Gaussianwith zero mean and
variance 1. Let x0 be a random variable whose density is Gaussian
with known mean and variance.

The state process x ,̀ 2̀ + , is observed indirectly via the scalar
observation process {y`}, 2̀ + , given by

yk = xk +
p

Dvk 2 R (4)

where k 2 + ,
p

D is the angular randomwalk coef� cient, and {v }̀,
2̀ + , is a sequence of independent and identically distributed

N (0, 1) scalar random variables. We assume that x0, {w }̀, and {v`}
are mutually independent of each other. The observations {yk } are
a sequence of angle rates measured by the IMU (or D h in Fig. 3).
The variance of noise WB is B, and the variance of noise WD is D.
Let K av =

p
B and N av =

p
D be the rate random walk and angular

randomwalk coef� cients estimatedby the Allanvariancemethod.6,7

We have considered here only single-axis devices, but in principle

this technique can be extended to higher dimensions with B and D
becoming covariance matrices.

Finally, let k := {y0, . . . , yk} and k := {x0 , . . . , xk } be the
history of the observations and the state until time k. The symbol
:= denotes de� ned as.

The model described by Eqs. (3) and (4) is denoted by

k = k (B, D, x0) (5)

We will presentconvergenceresults that hold almost surely (a.s.).
We will say that in a probability space ( X , , P) a result holds a.s.
if it holds with probability 1, or equivalently that it holds for all x
in an set of probability 1 where x 2 X . Consider the following
illustration. Let z, z1 , z2 , . . . , be random variables. If

lim
k ! 1

zk( x ) = z( x ) (6)

for all x in an set of probability 1, then

lim
k ! 1

zk = z a.s. (7)

A weaker convergence condition is that

lim
k ! 1

P[j zk( x ) ¡ z( x ) j ¸ ²] = 0 (8)

which is calledconvergencein probabilityand is equivalent to mean
squareconvergence.Note that almost sureconvergenceimplies con-
vergence in probabilitybut convergencein probability does not im-
ply almost sure convergence.

E. Parameter Estimation: Full Observations
In this section we assume that both {xk} and {yk } are fully ob-

served. The results for the full observation case are presented as a
steppingstone to the more interestingand generalresults that follow.

From Eq. (3), with simple manipulation then squaring both sides
and summing over k, we obtain

B
k

i = 1

w 2
i =

k

i = 1

(xi ¡ xi ¡ 1)
2 (9)
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Now consider the scalars

Jk =
k

i = 1

xi xi ¡ 1, Ok =
k

i = 1

x2
i

Hk =
k

i = 1

x2
i ¡ 1, Mk =

k

i = 1

w 2
i (10)

From Eq. (9), we see that

BMk = Ok + Hk ¡ 2Jk (11)

Similarly, from Eq. (4) with simple manipulation then squaring
both sides and summing over k, we obtain

D
k

i = 1

v2
i =

k

i = 1

(yi ¡ xi )
2 (12)

Now consider the scalars

Tk =
k

i = 1

yi xi , Qk =
k

i = 1

y2
i , Vk =

k

i = 1

v2
i (13)

From Eq. (12), we see that

DVk = Qk + Ok ¡ 2Tk (14)

1. Almost Sure Convergence
Lemma 1: Consider the linear system (3) and (4) denoted k . Sup-

pose {xk} and {yk } exist and are measured, then

lim
k ! 1

B̂k , D̂k = B, D a.s. (15)

where

B̂k = (Ok + Hk ¡ 2Jk) / k, D̂k = (Qk + Ok ¡ 2Tk ) / k

Proof: Consider the estimation of B � rst. By the use of Eq. (11),
rewrite the estimate as

B̂k = B Mk / k (16)

By the strong law of large numbers,14 limk ! 1 (1/ k)Mk = 1 a.s.
The lemma results follow from Eq. (16). The lemma result for D̂k

follows similarly.

2. Finite Data Sets
Lemma 2: Consider the linear system (3) and (4) denoted k . Sup-

pose � nite date sets {x0 , x1 , . . . , xT } and {y0 , y1, . . . , yT } are mea-
sured, then

P( j B̂T ¡ B j ¸ ²) · B / T ²2, P( j D̂T ¡ D j ¸ ²) · D / T ²2

(17)

Proof: The proof follows from an argument similar to Lemma 1
by using the weak law of large number.14

F. Conditional Mean Estimates
We now consider parameter estimation based on conditional

mean estimates in lieu of the true states. We de� ne a model set
K :={k (B, D, x0) j B, D, x0 2 R} of allowable model estimates
ˆk k 2 K and assume the true model k lies in the model set K . We
denote the history or sequence of estimates as ˆK k := {ˆk 1 , . . . , ˆk k}.
Let us denote the associated conditional mean estimates based on
the model estimates ˆK k as

Ĵk j k, ˆK k
= E[Jk j k , ˆK k], Ôk j k, ˆK k

= E[Ok j k , ˆK k ]

Ĥk j k, ˆK k
= E[Hk j k , ˆK k ], T̂k j k, ˆK k

= E[Tk j k , ˆK k ] (18)

Optimal � nite-dimensionalrecursionsfor these conditionalmean
estimates can be found in Ref. 15. Hence, we propose estimators
for B and D based on observations{yk } as

B̂k j ˆK k
= proj Ôk j k, ˆK k

+ Ĥk j k, ˆK k
¡ 2 Ĵk j k, ˆK k

k (19)

D̂k j k, ˆK k
= proj Qk + Ôk j k, ˆK k

¡ 2T̂k j k, ˆK k
k (20)

where

ˆk k + 1 = k B̂k j ˆK k
, D̂k j ˆK k

, x̂0 , ˆK k + 1 = {ˆk 1, . . . , ˆk k + 1}

(21)

and proj(x) = max( d , x), where d (0 < d < B, D) is a small constant
that ensures B̂k j ˆK k

and D̂k j ˆK k
remain positive.

We consider � rst the situation in which conditional mean esti-
mates based on the true model k are available.

Lemma 3: Consider the linear system (3) and (4) denoted by k .
Suppose {yk } exists and is measured. Also assume that conditional
mean estimates based on the correct model are available. Assume
the true model k satis� es k 2 K . Then

lim
k ! 1

B̂k j k , k , D̂k j k , k = B, D a.s. (22)

Proof: See the Appendix.
Remarks:
1) The projection step is only a technical point to ensure the

estimates remain positive.
2) A � nite data set result that extendsLemma 3 can be established

using the weak law of large numbers.
The following theorem holds.
Theorem 1: Consider the linear system (3) and (4) denoted by

k . Consider a sequence of estimated models ˆK k adaptivelyupdated
by previous parameter estimates as shown in Eq. (21). Then the
recursion converges a.s. to the set S (or possibly converges to the
projection boundaries B̄ = d and D̄ = d ), where

S := B̄, D̄:
dV ( B̄, D̄)

d B̄
= 0 and

dV ( B̄, D̄)

dD̄
= 0 (23)

where ¯k = k ( B̄, D̄, x̄0). That is, S contains the local minimum of
the cost function

V( B̄, D̄) := E (xk ¡ xk ¡ 1)2 ¡ B̄
2

+ (yk ¡ xk )2 ¡ D̄
2 j ¯k

Proof: See the Appendix.
Remarks:
1) This establishes local convergence to the true model because

it follows from Lemma 3 that k 2 S.
2) Convergence rates have not been establishedbut can be shown

using an approach similar to that in Ref. 11.
3) Local convergence results for estimation from � nite data sets

can be established in the of� ine situation when the recursions (19)
and (20)are passedover the data setmultiple times and themodel es-
timate is updated after each pass. In this multipass of� ine situation,
the estimators are an example of the expectation maximization al-
gorithm and local convergenceresults are available.16 Convergence
results in the situation of a single pass through a � nite data set that
are analogous to Lemma 2 have not yet been established.

III. Implementation Issues
In this section we discuss some implementationissues relating to

the algorithm just given.

A. Filters
Implementationof the estimator de� ned by Eqs. (19–21) requires

the quantities Ĵk j k, ˆK k
, Ôk j k , ˆK k

, Ĥk j k , ˆK k
, and T̂k j k , ˆK k

as de� ned in
Eq. (18) to be calculated. Optimal � nite-dimensional recursions
for Ĵk j k, ˆK k

, Ôk j k, ˆK k
, Ĥk j k, ˆK k

, and T̂k j k, ˆK k
are given in Ref. 15. These

estimators are not repeated here to save space.
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B. Online or Batch Processing
It is possible to use the algorithm presented in either an online or

batch manner. The recursion (19) and (20) can be iterated as each
new data point arrives to produce a new estimate. Alternatively, if
only a � nite data set is available, then the algorithm can be iterated
through the data set multiple times with the parameter estimates
improving on each successive pass through the data.

In a multipass situation, convergence results follow by consider-
ing the data set as the concatenation of copies of the � nite data set
and convergence occurs to a minimum of Eq. (A10) (see the Ap-
pendix). It has been shown that resolutionerrors result fromworking
on a � nite date set.17 These resolutionerrorswill be apparenton this
concatenateddata set, and estimation bias may result.

C. Initialization
The algorithm requires an initial value for the angular random

walk and rate random walk coef� cients. In our experience the algo-
rithmwill convergeto the trueangularrandomwalk and rate random
walk coef� cients from a reasonable initialization. In particular, for
the studies to be presented, convergence to the true values occurs
whenever B̂0 is signi� cantly smaller that D̂0. For typicalapplications
(IMU measurements), this requirement is not restrictive.

The � lters from Ref. 15 should be allowedsome data to initialize,
and we suggest that these � lters be iterated for at least 500 data
points before parameter estimation is started.

D. Improved Convergence Rates
The rateof convergenceof adaptivealgorithm(19–21)frominitial

parameter estimates can be improved. Using the difference form of
the estimators (A3), convergence rates can be improved using the
Polyak and Juditsky technique.18

Consider the following estimationalgorithmfor B (the estimator
for D can be modi� ed in a similar way):

B̂k + 1 j k + 1, ˆK k + 1
= B̂k j k, ˆK k

+ c k D Ôk j k , ˆK k
+ D Ĥk j k , ˆK k

¡ 2D Ĵk j k, ˆK k
¡ B̂k j k , ˆK k

(24)

where D Ôk j k, ˆK k
:= Ôk j k, ˆK k

¡ Ôk ¡ 1 j k ¡ 1, ˆK k ¡ 1
and D Ĥk j k, ˆK k

and
D Ĵk j k, ˆK k

are de� ned in a similar way. If c k = 1/ k, then Eq. (24)
is algebraically equivalent to Eq. (19). To improve the convergence
rate of the algorithm, a Polyak and Juditsky18 step is used instead,
c k =1/k p , where 0 < p ·1, and the estimates from Eq. (24) are
averaged to reduce their variation (see Ref. 18 for more details).

Good choices for p depend on the relative power of the w and v
noises. In the examples examined in the Sec. IV, the gyro’s major
source of noise is angular random walk. Increasing the step size for
the B recursion allows the recursion longer time to forget initial es-
timates (relative to the D recursion), and this facilitatesconvergence
from poor initializations.

Other techniques, such as forgetting factors, can also be use-
ful in improving convergence rates from poor initial parameter
estimates.19

E. Other Noise Sources
The algorithm presented is proposed under the assumption that

the gyro output error has contributions only from angular random
walk and rate random walk. For devices where the gyro error is
dominated by angular random walk and rate random walk noises
but there are small contributions from other noise sources, the bias
introduced will be small (except perhaps if there is a pathological
� icker noise that has in� nite variance). For devices where there are
signi� cantcontributionsfromother noisesources,then theestimates
from the proposedalgorithmwill be signi� cantly biased away from
the actual B and D.

However, note that although biased estimated B and D will still
minimize the cost function V (B, D) given in Theorem 1, this min-
imum simply no longer occurs at actual values of B and D. The
proposed algorithm estimates the B and D that best � t the data in
the sense of V (B, D). In situations where only a rough feeling for
the device’s error behavior is required, this information still may be
quite useful.

F. Computational Effort
The computational effort required to implement the recursions

(19–21) is approximately 100 � oating point calculations per data
point (and does not depend on the length of the data). This in-
cludes implementation of the optimal � lters for Ĵk j k, ˆK k

, etc. Issues
of computationaleffort for the Allan variance technique(which will
depend on implementation choices) are not discussed in the many
references. If the data set has T points, then to calculate the Allan
variance of size N requires [T (1 + 3/ N )] calculations. Because
the Allan deviation is plotted on a log-log graph, the Allan variance
needs at least K log(T ) points to be plotted, where K is the number
of pointsper order of magnitude.The computationaleffort is, hence,
at least [K T log(T )] compared to the (100T ) requiredto imple-
ment Eqs. (19–21). For large data sets the estimatorspresentedhere
are computationally superior. In addition, the recursions (19–21)
always have the advantage that the data do not need to be stored.

G. Numerical Over� ow
When implemented in an online manner, the algorithm needs to

be modi� ed to ensure over� ow of Ôk j k , ˆK k
, etc., does not occur on a

very large data set, that is, for k > 2M p , where Mp is the precision
of the � oating point numbers. Scaling or forgetting factors could be
introducedinto the � lters of Ref. 15 to overcome this over� ow issue.
Alternatively, the � lters could be reset after a reasonable amount of
data and then reinitialized on data to avoid numerical over� ow.

IV. Results
In this section we examine the proposed technique for estimat-

ing the angular random walk and rate random walk coef� cients.
First, we compare the proposed technique with the Allan variance
method using computer-generated data with known noise charac-
teristics. Then, we apply the proposed techniqueon a data set taken
from a low-grade IMU (the same data set analyzed using the Al-
lan variance method earlier). This low-grade IMU, contains ring
laser gyros and accelerometersand producesangular rate and linear
accelerationsignals in the X , Y , and Z directions.The analysispre-
sented is of angular rate data about the Z axis. The device was tested
statically.

A. Computer-Generated Data
These computer simulations were performed using the

MATLAB® package.
A 40,000 point sequence was generatedfor linear system (3) and

(4) with B =0.001 and D =1.
The Allan variance was calculated, and Fig. 4 shows the log-

log Allan deviation plot. Lines of worst and best � t were manually
placed on the graph (the best-� t lines were visually based and the
worst-� t lines used the data points farthest from the best-� t lines).
The lines of best � t are shown in Fig. 4. From intercepts of the lines
with § 1

2 slopes, the angular random walk and rate random walk
coef� cients K av and N av were estimated. The results are given in
Table 1.

From the results in Table 1, it appears that the characteristics of
the generated noise do not correspondexactly to the system param-
eters B = 0.001 and D = 1, that is, K av =0.0316 and N av = 1. This
is because the data set is � nite and the random noise sources in the
model are approximated by pseudorandomnoises. The Allan devi-
ation graph re� ects the actual characteristicsof the data, and hence,
the coef� cients estimated from this graph are used as a basis for
testing our proposed algorithm (rather than the parameters used to
generate the data).

Table 1 Estimated coef� cients/parameters

Allan variance method Proposed method

Simulated data
K̂ av = 0.0361 ( ¡ 0.0022, +0.0014) K̂ est = 0.0346 ( B̂ = 0.0012
N̂ av = 0.9894 ( ¡ 0.0324, +0.1060) N̂ est = 1.0011 ( D̂ = 1.0023

IMU data
K̂ av = 0.0028 ( ¡ 0.0005, +0.0005) K̂ est = 0.00275 ( B̂ = 7.6 £ 10 ¡ 6

N̂ av = 0.1550 ( ¡ 0.0120, +0.0090) N̂ est = 0.1582 ( D̂ = 0.0250
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Fig. 4 Generated data: Allan deviation vs sample size; lines of best � ts added.

Fig. 5 Estimates of B vs time.

From initial estimates, B̂0 =0.1 and D̂0 =1.5, algorithm (19)
was used to estimate the B and D coef� cients. The � nal estimates
after 40,000 points are shown in Table 1 (the values K̂ est =

p
B̂

and N̂ est =
p

D̂ are the parameter estimates in the Allan vari-
ance technique form). The estimated values are well within the
error bounds of the estimates obtained from the Allan deviation
graph.

Convergence of the estimates B̂ , D̂ is shown in Figs. 5 and 6,
respectively.The proposed algorithm was tested using other initial
estimates, and convergence occurred from all initial estimates for
which B̂0 ¿ D̂0. If the algorithmwas initializedwith B̂0 > D̂0 , then
convergencewas not to the values estimated by the Allan variance
method (but to a local minimum). This type of local convergence
can be avoided by using initial estimates that satisty B̂0 ¿ D̂0 .

B. Low-Grade IMU
In this section, our proposed algorithm and the Allan variance

method are compared on data from a low-grade IMU. From the Al-
lan deviationplot (Fig. 2) the angular randomwalk and rate random
walk coef� cients can be estimated using lines of best � t. The pa-
rameter estimates K̂ av and N̂ av obtainedfrom this analysis are given
in Table 1.

Our proposed algorithm was then applied to the same measure-
ments set. The algorithm was initialized with parameter values
B̂0 = 1 £ 10 ¡ 5 and D̂0 =0.01. After several passes of the data, the
algorithm had converged to the values B̂ and D̂ shown in Table 1.
The estimated values correspond well to the coef� cients estimated
from the Allan deviationplot. In Fig. 2, lines based on the estimated
values have been added to demonstrate the results of the proposed
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Fig. 6 Estimates of D vs time.

algorithm with respect to the Allan deviation graph for measured
data.

V. Conclusions
A new technique is presented for estimating the parameters in

the noise model of IMU gyros. The existing techniquesfor analysis
of IMU gyros require large amounts of data to be stored and to be
processedof� ine to produceanAllandeviationgraph.The technique
proposed here can analyze data as it arrives from the gyro and can
produce immediate estimates of the noise model in the sense that
it does not require the user to manually analyze an Allan variance
graph.

Appendix: Proofs of Lemma 3 and Theorem 1
Proof of Lemma 3: The proof follows Lemma 1. We consider

estimationof B � rst.We rewrite estimate(19) without the projection
step as

B̂k j k = E[B Mk j k , k ]/ k = B{E[Mk j k , k ]/ k} (A1)

Hence, the estimate is

B̂k j k = B{E[Mk j k , k ]/ k}

= BE[Mk / k j k , k ]

= BE{E[Mk / k j k k , k ] j k , k }

Hence,

lim
k ! 1

B̂k j k = B a.s. (A2)

We have used the property that E[X j A1] = E{E[X j A2]j A1}, when
A1 ½ A2, and the strong law of large number result, limk ! 1
(1/ k)E[Mk j k] =1 a.s. Because u k = (1/ k)E[Mk j k , k , k ]
is uniformly integrable, that is, E[u k u 0

k ] is bounded, and
limk ! 1 u k = 1 a.s., then there is convergence in the conditional
mean:

lim
k ! 1

E[u k j k , k ] = 1 a.s.

The lemma result follows for D̂k j k similarly.

Proof of Theorem 1: First we consider estimation of B only.
Simple manipulation of Eq. (19) gives a recursion for the estimate
B̂k j k, ˆK k

as follows:

B̂k = B̂k ¡ 1 + (1/ k)( D Ôk + D Ĥk ¡ 2D Ĵk ¡ B̂k ¡ 1) (A3)

where we denote B̂k j k , ˆK k
by the shorthand notation B̂k , we

de� ne D Ôk := Ôk j k , ˆK k
¡ Ôk ¡ 1 j k ¡ 1, ˆK k ¡ 1

, and we de� ne D Ĥk

and D Ĵk similarly. To simplify the presentation, we will initially
ignore the projection step. Convergenceresults will still hold if pro-
jection is performed (see Ljung20).

We follow the techniquepresentedin Ref. 11. This proof relieson
the ordinary differential approach described in Refs. 19 and 21–22
(see Ref. 22 for detailed proofs regarding algorithms with projec-
tion steps). In the ordinary differential equation (ODE) approach,
convergenceof a difference equation is established by considering
the convergenceproperties of an associated ODE.

Convergence of Eq. (A3) can be analyzed by considering the
following ODE:

d B̄( s , k)
d s

=
1
k

f [B̄( s , k), k] (A4)

where, for the purposes of establishing convergenceof the ODE, k
is considered a � xed parameter. With B̄( s , k) abbreviated as B̄, we
de� ne f ( B̄, k) as follows:

f ( B̄, k) := E[D Ôk j B̄ + D Ĥk j B̄ ¡ 2 D Ĵk j B̄ ¡ B̄] (A5)

We have explicitly shown in the notation that D Ôk , etc., depend on
the parameter estimate B̄.

In Ref. 20, it is stated that Eq. (A3) will converge to the set S̄ or a
boundary, where S̄ :={B̄ j limk ! 1 f ( B̄, k) =0}, if the following
hold: 1) certain regularity and exponential stability conditionshold
as listed in Ref. 20 and 2) ODE (A4) (which is parameterizedby k)
is asymptotically stable in the limit as k ! 1 .

For this system, the regularity conditions required to satisfy con-
dition 1 are shown and discussed in Refs. 11 and 19. Condition 1
also requires that the conditional mean � lters for Ĵk j k , ˆK k

, Ôk j k, ˆK k
,

Ĥk j k , ˆK k
, and T̂k j k , ˆK k

be exponentially forgetting. The exponential
forgettingproperty has not yet been established for these � lters, but
we will assume that the exponential forgetting property holds.
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To establishcondition2, we use a Lyapunovfunctionapproach.19

Consider the function

W ( B̄, k) = 1
2
E (xk ¡ xk ¡ 1)2 ¡ B̄

2
(A6)

It follows from classical expectation results, including that
E{E[X j A2]j A1}= E[X j A1] when A1 ½ A2 , that W ( B̄, k) ¸ 0. Un-
der ergodicity and certain smoothness conditions, the differentia-
tion with respect to B̄ and the expectation operations can be inter-
changed. Hence,

dW [ B̄( s , k), k]

d B̄( s , k)
= ¡ f [B̄( s , k), k] (A7)

and it then follows that

dW [B̄( s , k), k]
ds

=
dW [B̄( s , k), k]

dB̄( s , k)

dB̄( s , k)
ds

= ¡ f [B̄( s , k), k](1/ k) f [B̄( s , k), k] (A8)

< if f [B̄( s , k), k] 6= 0 (A9)

It follows that W ( B̄, k) is a Lyapunov function.
It followsfromLynapov’s directmethodandEq. (A7) that B̄( s , k)

converges to the set {B̄ j limk ! 1 f ( B̄, k) =0} (or possibly to the
boundary B̄ = d if a projection step is implemented). Convergence
of the difference equation (A3) follows from Ljung.20

We note that under asymptotic ergodicity (and other regularity
conditions given by Ljung20 and shown in Ref. 11) and using the
results by Ljung20 the difference equation (A3) and the ODE (A4)
converge to the same set. That is, in the limit k ! 1 convergence
to the set {B̄ j limk ! 1 f ( B̄, k) =0}is equivalent to the set of local
minima of E{[(xk ¡ xk ¡ 1)2 ¡ B̄]2 j B̄ , k }.

The result for simultaneous estimation follows using a similar
approach by writing the estimate D̂k j k , ˆK k

as a recursion and using
the Lyapunov function

W ( B̄, D̄, k) = 1
2

E (xk ¡ xk ¡ 1)
2 ¡ B̄

2

+ E (yk ¡ xk)
2 ¡ D̄

2
(A10)

Note that only a local convergence result is established when
simultaneous estimation is required (which is normally the case)
because the set S may contain more than one point.
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